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Chapter 10: Definite Integrals

T
O —_——————

[ s =

232
3

()

Exercise 2.1.

1
1. / 2ze® dr = e — 1.
0

2
2. / |z| dx = §
. 2

x 23 h(zx)
Example 2.6. Compute di for (1) / dt,  (2) / e at,  (3) / f(t)dt.
X 1 2 g

(z)
Solution. It’s impossible to get explicit formula for F'(t) = / et dt.

1. By fundamental theorem of calculus (1), we have

% e dt = "
2. Let F'(t) then
d [~ t2 d 3 ! / b 2
— e dt=—(F(2°) — F(2%)) = F'(2°) - 32 — F'(z°) - 2z = € - 32" —e¢

11

2 2
/ x)dx + f )dz = / 2 dr + / (3x —2)dx (integrate separately)
0 0 2

4
T 2.
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R / %)1&( .
4 T ‘“f 9
‘/p( o UQU'M AX)
3. Let F'(t) = f(t), /) = dh A h - 44 f OAT
A / - fydt = i(F(h(x))i)%(Fg@g ” " _ﬁo Qf ?17(-
Az Jg(a) dx - h’ jl(‘\ \7<)> o (i@
= F'(h(z)) - I (z) — F'(9(2)) - g'(2) o
= f(h(x)W(z) - f(g(2))g'(z)
|
Exercise 2.2. i o eVidt = eVorl _ 9V,
X Jog
3 Definite Integration by Substitution & Integration by Parts
Theorem 3.1.
b 2)=u g9(b)
[ toeng@ar L= [ bt 4= ¢l
%= | % = 2
Example 3.1. 2 p{ u()
J?x (X* D dx o
1. X‘—O_’ v = 4 Y 4“ = 2“'\_4
— ( = 2 2
/18$(:E2+1)dx:/14(:E2+1)d(932+1) RC: ‘(40) ) 2 (K+ D¢
0 —— (o x Gy .
= [Tdudu (@ +1=u,(02+1=1,1241=2) — 20&0
- 2] A
=2x22-2x12=6. — 22— 2
2. - éCL
62 1 62 1
/e xlnxdx = i Ed(lnx)
/) = 21alu (Inz =u,Ine = 1,Ine? = 2)
> 7 u ’ ’
J J, J“ = Eﬁﬁ W= [n x
M —2oind =iz du=—7l(vdx

ute) = bye =|
ule®) =4, & =2
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+|&8 5
nm._u N
[a\]
8 x2|_|
— N dTw
[ ~—
—
. —
— _
— B
o e}
) —3
g X
[£a]
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4 Application of Definite Integration

b
4.1 Area bounded by f(z) and z-axis on [a, ] = / |f(z)| dx

N\
H (raph .

b c b
/ f(z)dx = / f(z)dx + / f(z)dx = — Area 1 + Area 2 = Signed area

b c b
/ |f(:c)|dx:/ —f(a:)dx+/ f(z)dr = Areal + Area 2 = Area

Example 4.1. Find the total area between the curve y = 1 — 22 and the z-axis over the
interval [0, 2].

Solution. Let1 — 22 =0, = z=+I.

>0, for —1<z<1
1— 22 ’ ’
<0, forxr<-1 or x>1.
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_\'=1—.)c2
N,
-1 N 2
_1— \
2+ .
_3— ]

The area is given by

2 1 2
/ |1 —22|dx = / (1—x2)d:c+/ —(1 — 2?)dx
0 0 1

Exercise 4.1. Area bounded by f(z) =  — /= and z-axis on [0, 2].

b
4.2 Area boundeddy f{«), g(z) on [a,b] = / |f(z) — g(x)| dz

Theorem 4.1. Let f(z) and g(z) be continuous functions defined on [a, b] where f(z) > g(x)
for all z in [a, b]. The area of the region bounded by the curves y = f(x), y = g(x) and the lines
r=aandxz =>bis

b
/ (f(z) — g(x)) de.

Proof. The area between f(z) and g(x) is obtained by subtracting the area under ¢ from the
area under f. Thus the area is

/abf(a:)da: - /abg(a:)da: _ /ab(f(a;) ().



Chapter 10: Definite Integrals 16

y

‘L o £ W L’)’]CO&)

/'/_\_/
\\,(gw & 9= X )

° Y pres o] g I ghad
» b
R TSSO i TOYV
[ oaax =,

g9(x)
AL,

y

a b
(
) 15 O
I
Example 4.2. Find the area of the region enclosed by y = 22 4+ — 5 and y = 3z — 2.
y=a'+z-5
(
o ]
y=3z -2 -10
¢ P -
769 Find (rfyaech™ FV‘I Y‘-
Solution. Let x> —5=3x—2 =—1,3.
olution et:cL T = x m Fwo W
) -
iF(f g/&() ol an f/)'fp.,.r.e(‘\m Pf"
2 —
¥ —1K=3% =0 (/'X. %) - C%/'IA(X))

= ([, §®)
0 f(9)=90) at Totercecho
rAY, e
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The area is

3 3
/_1 ((8z —2) — (:ciix/—ﬁ)) dx = /_ (=2 + 22+ 3) dx

3

1
= (——:r3 + 22 4 3ac)
3 -1
1 1
—— 27 4+9+9—-(|=-+1-3
3( ) +9+ (3+ >

2
=10-.
3

Example 4.3. Find the area bounded by

y:f(m):q,‘, y:g(a)):xil, and y:h($):2£13+2
¢
- hew)= %"
ol e 177 4=t
M\/
V'o x =T i sk 1Es :

jor) =

§veln ol 9=
22—

> y(w) =T
S K= ‘10\

Solution. Area is

>l /{///(
i

infeasech w @1“9 °f Hfuﬂ’ﬂev

’ WA = pa) = M ot
- ffe blue carne
st Iogim green vif Y= h(x)=2%x+2

/

/_Oz(h(x — f(x))dz + /Ol(g(x) — f(z))dz
=/°<w ,x>+/;(£1_f)dm

22 2211
——I—2$ + 2In|z+ 1] — —
2 2 |,

1 3
+(2In2— 5) = §+ln4.

here

<

2
— = 2Xt®
%t (

2
¢ o = 2(f)

2
b= (%)
K=o, ~2
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4.3 Other Applications

Example 4.4. An object moves along z-axis towards right with speed v(t) = t> m/s. Calcu-
late the distance traveled from ¢ = 0 to t = 3s.

Solution. Let S(t) be the position at ¢. Then, S'(t) = v(t) = t2.

The distance from¢t =0to t = 3 is

rate of change

I AR TS
S(3) — S(0) _/0 S dt_/otdt_gt

total distance change

3
=9m
0

Geometrically,

Example 4.5. Let L(t) be the level of carbon monoxide (CO). Given that L'(¢) = 0.1¢ + 0.1
parts per million (ppm). How much will the pollution change from ¢ = 0 to ¢t = 3?

Solution. X
L(3) — L(0) = / L'(t)dt = [0.05¢ + 0.1t](1) = 0.75ppm.
0
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Exercise 4.2. Let ¢ be the time (in hour). Let m(¢) be the mass of a certain amount of
protein. The protein is changed to an amino acid and cause a decrease in mass at a rate

dm =2

g/hr.

dt  t+1

Find the decrease in mass of the protein from ¢t =2 to ¢t = 5.

Ans: —21n 2.

5 Improper Integrals

Question: How to find area of an unbounded region?

Definition 5.1. The following types of integrals are called “improper integrals”. The integrals
we have encountered previously, namely integrals of piecewise continuous functions over
finite intervals, are “proper integrals”.

Define

" Ha)de = Tim o F)da
/ /

b——+o0

if the limit exists, we say that the integral is convergent. Otherwise, divergent.
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b b
/_ f(x)dx = lim f(x)dx

a——00 a

if the limit exists, we say that the integral is convergent. Otherwise, divergent.

3. Let ¢ be a fixed real number.

/+oo f(z)dx = /COO f(z)dx + /;OO f(z)dx

—0o0

if both the two integrals on the right are convergent, we say that the integral is
convergent. Otherwise, divergent.

Example 5.1.

+o00 b
— . — . —x|b . — . —
1. e Ydx = lim e Pdr= lim —e *| = lim (—e®) = lim (1—e7?) =
0 b—+oo Jg b—+o0 b—+o0 b—+o0
1)) convergent.

+oo q b 1
2. / —dxr = lim —dxr = lim lnx]? = lim Inb—-Inl /= lim Inb = +oo,
1

xT b—+oo0 J1 @ b—+o00 b—+00 b——+oo
divergent.
too g b 1\ | 1
3. / — dz = lim —dr = lim <—> = lim <1 — ) =1, conver-
1 xT b—+oco J1 T b—+o00 xT 1 b—+o00 b
gent.

+o00 1 b 1
. —dr = 1 —dzr = lim 2
4/1 \/Ex bﬁlTool\/Ex b%linoo\/i

= lim 2(vb—1) = +o00, diver-
+
gent.

0
5. / e’dx
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+oo dz
Example 5.2. Compute / .
o (x4+1)(3z+2)
Solution.
1 3
(x+1)(Bx+2) 3z+2 x+1
Hence )
dx b
=|ln83z+2|—Injx+1
/0 (x+1)(3z+2) [In] | | o
3b+2
=In[3b+2—Inlb+ 1| —In|2| :ln| +2| —1In2.
|b+ 1]
Because
13b+2| 13b+2| x 5
im —_—
b—+oo |b+ 1| I e b+ 1| x %
34+ 2
lim ‘ - ll" = 3 =
Therefore ,
lim / dr =In3—1n2.
b—+oo Jo (4 1)(3z +2)
[ |
Exercise 5.1. Let p > 1. Prove that
oo q —, if p>1, convergent
1T +oo, if 0<p<1, divergent.

Remark. From the above exercise,

+oo
_oﬁ/

2. Fora11p>0

1. lim f(z)

T—+00

x)dx is convergent.

too 1
guarantee the total area / - dz is finite.
1 €T

1
> — 0asz — +oo. However, only for p > 1, -
X

decays fast enough to

Remark. All the integration techniques can be applied, e.g. integration by substitution,...
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1
Example 5.3. Compute / ze® dz. (integration by parts)

—00

Solution.
1 1
/ ze®dr = lim ze® dx.

—00 a——0o0 a

/xewdx—/xd(ex) —xex—/exdx— (x —1)e" + C.

a—r—0o0 a

1
/ ze®dr = lim (z—1)e”|!

—00

= lim (1 —-a)e* o0-0 indeterminate form

a—r—0o0
. l—a oo
= lim —
a——o00 e~ ¢ 00
= lim L’Hopital’s rule
a——00 —€
= 0.

1
Exercise 5.2. / 22etdr = e

—0o0





