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Chapter 10: Definite Integrals 11

Z 3

0
f(x) dx =

Z 2

0
f(x) dx+

Z 3

2
f(x) dx =

Z 2

0
x2 dx+

Z 3

2
(3x� 2) dx (integrate separately)

=
x3

3

����
2

0

+


3x2

2
� 2x

�3

2

=

✓
8

3
� 0

◆
+

✓
15

2
� 2

◆
=

49

6
.

Exercise 2.1.

1.
Z 1

0
2xex

2
dx = e� 1.

2.
Z 2

�1
|x| dx =

5

2
.

Example 2.6. Compute
d

dx
for (1)

Z x

1
et

2
dt, (2)

Z x3

x2
et

2
dt, (3)

Z h(x)

g(x)
f(t) dt.

Solution. It’s impossible to get explicit formula for F (t) =

Z
et

2
dt.

1. By fundamental theorem of calculus (1), we have

d

dx

Z x

1
et

2
dt = ex

2
.

2. Let F 0(t) = et
2 , then

d

dx

Z x3

x2
et

2
dt =

d

dx
(F (x3)� F (x2)) = F 0(x3) · 3x2 � F 0(x2) · 2x = ex

6 · 3x2 � ex
4 · 2x.

I Edt f etat fakeedt
et III



Chapter 10: Definite Integrals 12

3. Let F 0(t) = f(t),

d

dx

Z h(x)

g(x)
f(t) dt =

d

dx
(F (h(x))� F (g(x)))

= F 0(h(x)) · h0(x)� F 0(g(x)) · g0(x)

= f(h(x))h0(x)� f(g(x))g0(x).

⌅

Exercise 2.2.
d

dx

Z x+1

2x
e
p
t dt = e

p
x+1 � 2e

p
2x.

3 Definite Integration by Substitution & Integration by Parts

Theorem 3.1. Z b

a
f(g(x))g0(x) dx

g(x)=u
=====

Z g(b)

g(a)
f(u) du

Example 3.1.

1.
Z 1

0
8x(x2 + 1)dx =

Z 1

0
4(x2 + 1) d(x2 + 1)

=

Z 2

1
4u du (x2 + 1 = u, (0)2 + 1 = 1, 12 + 1 = 2)

= 2u2
��2
1

= 2⇥ 22 � 2⇥ 12 = 6.

2.
Z e2

e

1

x lnx
dx =

Z e2

e

1

lnx
d(lnx)

=

Z 2

1

1

u
du (lnx = u, ln e = 1, ln e2 = 2)

= lnu|21
= ln 2� ln 1 = ln 2.

dafahiutatoff t at
dahxdqfahfugdt dtqddgfafusdt

hfchixD gt.fi
4

beta_x'es
x I d 2X

18 441 dx KD
o T 4n da 242 2

No z DIC
o

FocS su dX
zeEi5YoO
z Z z y

bEl

Z

J lydu u lnx
I da fDX

Uce lose _I
UCE lne2 2
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Theorem 3.2.
Z b

a
u(x) d(v(x)) = u(x)v(x)

����
b

a

�
Z b

a
v(x) d(u(x))

Example 3.2.

1.
Z e

1
x lnx dx =

Z e

1
lnxd

✓
x2

2

◆

=


x2

2
lnx

�e

1

�
Z e

1

x2

2
d lnx

=

✓
e2

2
ln e� 1

2
ln 1

◆
�
Z e

1

x

2
dx

=
e2

2
�

x2

4

�e

1

=
e2

2
�
✓
e2

4
� 1

4

◆

=
e2

4
+

1

4
.

2.
Z 1

0
xex dx =

Z 1

0
x d(ex)

= xex|10 �
Z 1

0
ex dx

= e� ex|10 = 1

Exercise 3.1. 1.
Z 1

�2

2x+ 1

x2 + x+ 1
dx =?

2.
Z 3

2

dx

(x� 1)(x2 + 2x� 3)
=?

Indradx nv fndd d

da
a lax d tx

DI du Xa
dx n d X Vez

nrlffrdfxdx r uy.it

I
ti da

IIF uvli fnaxdxu xa.todr v ee

Tr
a

e E e I
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4 Application of Definite Integration

4.1 Area bounded by f(x) and x-axis on [a, b] =

Z b

a

|f(x)| dx

Z b

a
f(x) dx =

Z c

a
f(x) dx+

Z b

c
f(x) dx = � Area 1 + Area 2 = Signed area

Z b

a
|f(x)| dx =

Z c

a
�f(x) dx+

Z b

c
f(x) dx = Area 1 + Area 2 = Area

Example 4.1. Find the total area between the curve y = 1 � x2 and the x-axis over the
interval [0, 2].

Solution. Let 1� x2 = 0, ) x = ±1.

1� x2
(
� 0, for � 1  x  1,

< 0, for x < �1 or x > 1.

Jabfaddx signed

L area
areaz area 1

Thegraphof Find thetotal area
notthesigned
areasofthe
shadedregion
Areas1 Area I

Ifaddx fated

fablfuildx

fix
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The area is given by
Z 2

0
|1� x2| dx =

Z 1

0
(1� x2)dx+

Z 2

1
�(1� x2)dx

=


x� x3

3

�1

0

�

x� x3

3

�2

1

=
2

3
�
✓
�4

3

◆
= 2.

⌅

Exercise 4.1. Area bounded by f(x) = x�
p
x and x-axis on [0, 2].

4.2 Area bounded by f(x), g(x) on [a, b] =

Z b

a

|f(x)� g(x)| dx

Theorem 4.1. Let f(x) and g(x) be continuous functions defined on [a, b] where f(x) � g(x)
for all x in [a, b]. The area of the region bounded by the curves y = f(x), y = g(x) and the lines

x = a and x = b is Z b

a

�
f(x)� g(x)

�
dx.

Proof. The area between f(x) and g(x) is obtained by subtracting the area under g from the
area under f . Thus the area is

Z b

a
f(x)dx�

Z b

a
g(x)dx =

Z b

a
(f(x)� g(x))dx.

T

thegraphof x

rx3oJo4xrxtdx fi x.x dx cfix a dx
when x3l
EO when

Xel
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.....

f(x)

.

g(x)

.
a

.
b

.

x

.

y

.....

f(x)

.

g(x)

.
a

.
b

.

x

.

y

Example 4.2. Find the area of the region enclosed by y = x2 + x� 5 and y = 3x� 2.

Solution. Let x2 + x� 5 = 3x� 2 ) x = �1, 3.

I graph y fex

g gcx

areaof thisregion

Fatt dx fabga.su

Huw

fad gex

i
i

i

T
g Find intersectionptsof

the two graphs
Text TG at an intersection pt
I 2 3 0 x y Ex fCx

Cxgas
so fcx g at intersection

pts
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The area is
Z 3

�1

�
(3x� 2)� (x2 + x� 5)

�
dx =

Z 3

�1
(�x2 + 2x+ 3) dx

=

✓
�1

3
x3 + x2 + 3x

◆����
3

�1

= �1

3
(27) + 9 + 9�

✓
1

3
+ 1� 3

◆

= 10
2

3
.

⌅

Example 4.3. Find the area bounded by

y = f(x) = x, y = g(x) =
2

x+ 1
, and y = h(x) = 2x+ 2.

Solution. Area is Z 0

�2
(h(x)� f(x))dx+

Z 1

0
(g(x)� f(x))dx

=

Z 0

�2
(2x+ 2� x) +

Z 1

0

✓
2

x+ 1
� x

◆
dx

=


x2

2
+ 2x

�0

�2

+


2 ln |x+ 1|� x2

2

�1

0

= 2 + (2 ln 2� 1

2
) =

3

2
+ ln 4.

⌅

y hey
2
tg fx

redative
y fcx intersectsthe

greencurve y
Jex 22

a

Xel 1 y Jex e
where e IT 1

1.44
t

M x ta _2 i

fix 2 0 intersection ptsof thegreen
curve y fax and

I X 2 I

greenregion
theblue curve

orangeregion of hag _2 2

j L here 2 2 2

I z zCxtD
1 1 15
Xt Il

o 2
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4.3 Other Applications

Example 4.4. An object moves along x-axis towards right with speed v(t) = t2 m/s. Calcu-
late the distance traveled from t = 0 to t = 3s.

Solution. Let S(t) be the position at t. Then, S0(t) = v(t) = t2.

The distance from t = 0 to t = 3 is

S(3)� S(0)| {z }
total distance change

=

Z 3

0

rate of changez}|{
S0(t) dt =

Z 3

0
t2 dt =

1

3
t3
����
3

0

= 9m

Geometrically,

⌅

Example 4.5. Let L(t) be the level of carbon monoxide (CO). Given that L0(t) = 0.1t+ 0.1
parts per million (ppm). How much will the pollution change from t = 0 to t = 3?

Solution.

L(3)� L(0) =

Z 3

0
L0(t)dt =

⇥
0.05t2 + 0.1t

⇤1
0
= 0.75ppm.

⌅

j
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Exercise 4.2. Let t be the time (in hour). Let m(t) be the mass of a certain amount of
protein. The protein is changed to an amino acid and cause a decrease in mass at a rate

dm

dt
=

�2

t+ 1
g/hr.

Find the decrease in mass of the protein from t = 2 to t = 5.

Ans: �2 ln 2.

5 Improper Integrals

Question: How to find area of an unbounded region?

Definition 5.1. The following types of integrals are called “improper integrals”. The integrals
we have encountered previously, namely integrals of piecewise continuous functions over
finite intervals, are “proper integrals”.

Define

1. Z +1

a
f(x)dx = lim

b!+1

Z b

a
f(x)dx

if the limit exists, we say that the integral is convergent. Otherwise, divergent.

I1
1 11 Ii sicilianI b

t
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2. Z b

�1
f(x)dx = lim

a!�1

Z b

a
f(x)dx

if the limit exists, we say that the integral is convergent. Otherwise, divergent.

3. Let c be a fixed real number.

Z +1

�1
f(x)dx =

Z c

�1
f(x)dx+

Z +1

c
f(x)dx

if both the two integrals on the right are convergent, we say that the integral is
convergent. Otherwise, divergent.

Example 5.1.

1.
Z +1

0
e�xdx = lim

b!+1

Z b

0
e�xdx = lim

b!+1
�e�x

��b
0
= lim

b!+1
(e0�e�b) = lim

b!+1
(1�e�b) =

1, convergent.

2.
Z +1

1

1

x
dx = lim

b!+1

Z b

1

1

x
dx = lim

b!+1
lnx|b1 = lim

b!+1
ln b � ln 1 = lim

b!+1
ln b = +1,

divergent.

3.
Z +1

1

1

x2
dx = lim

b!+1

Z b

1

1

x2
dx = lim

b!+1

✓
�1

x

◆����
b

1

= lim
b!+1

✓
1� 1

b

◆
= 1, conver-

gent.

4.
Z +1

1

1p
x
dx = lim

b!+1

Z b

1

1p
x
dx = lim

b!+1
2
p
x

����
b

1

= lim
b!+1

2(
p
b � 1) = +1, diver-

gent.

5.
Z 0

�1
exdx

O

w

in I
on ur

borders
line T
case

a

fine dx.fi la hm E ea

I
am J dx is convergent a

when n I

divergentwhen xel
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Example 5.2. Compute
Z +1

0

dx

(x+ 1)(3x+ 2)
.

Solution.
1

(x+ 1)(3x+ 2)
=

3

3x+ 2
� 1

x+ 1
.

Hence Z b

0

dx

(x+ 1)(3x+ 2)
= [ln |3x+ 2|� ln |x+ 1|]b0

= ln |3b+ 2|� ln |b+ 1|� ln |2| = ln
|3b+ 2|
|b+ 1| � ln 2.

Because

lim
b!+1

|3b+ 2|
|b+ 1| = lim

b!+1

|3b+ 2|⇥ 1
|b|

|b+ 1|⇥ 1
|b|

.

lim
b!+1

��3 + 2
b

��
��1 + 1

b

�� =
3

1
= 3.

Therefore

lim
b!+1

Z b

0

dx

(x+ 1)(3x+ 2)
= ln 3� ln 2.

⌅

Exercise 5.1. Let p > 1. Prove that

Z +1

1

1

xp
dx =

8
<

:

1

p� 1
, if p > 1, convergent

+1, if 0 < p  1, divergent.

Remark. From the above exercise,

1. lim
x!+1

f(x) = 0 ;
Z +1

1
f(x) dx is convergent.

2. For all p > 0,
1

xp
! 0 as x ! +1. However, only for p > 1,

1

xp
decays fast enough to

guarantee the total area
Z +1

1

1

xp
dx is finite.

Remark. All the integration techniques can be applied, e.g. integration by substitution,...

e
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Example 5.3. Compute
Z 1

�1
xex dx. (integration by parts)

Solution. Z 1

�1
xex dx = lim

a!�1

Z 1

a
xex dx.

Z
xex dx =

Z
xd(ex) = xex �

Z
ex dx = (x� 1)ex + C.

Z 1

�1
xex dx = lim

a!�1
(x� 1)ex|1a

= lim
a!�1

(1� a)ea 1 · 0 indeterminate form

= lim
a!�1

1� a

e�a

1
1

= lim
a!�1

�1

�e�a
L’Hôpital’s rule

= 0.

⌅

Exercise 5.2.
Z 1

�1
x2exdx = e




